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Abstract—The Normal Distributions Transform (NDT) scan
registration algorithm divides a point cloud using rectilinear
voxel cells then models the points within each cell as a set of
Gaussian distributions. A nonlinear optimization is performed in
order to register the scans, however the voxel based approach
results in a discontinuous cost function that hinders convergence.
In this work, a segmented region growing NDT (SRG-NDT)
variant is proposed, which first removes the ground points
from the scan, then uses natural features in the environment
to generate Gaussian clusters for the NDT algorithm. The
removal of the ground points is shown to significantly speed
up the scan registration process with negligible effect on the
registration accuracy. By clustering the remaining points, the
SRG-NDT approach is able to model the environment with
fewer Gaussian distributions compared to the voxel based NDT
methods, which allows for a smooth and continuous cost function
that guarantees the optimization will converge. Furthermore, the
use of a relatively small number of Guassian distributions allows
for a significant improvement in run-time. Experiments in both
urban and forested environments demonstrate that the SRGNDT approach is able to achieve comparable accuracy to existing
methods, but with an average decrease in computation time over
ICP, G-ICP and NDT of 90.1%, 95.3% and 94.5%, respectively.

I. I NTRODUCTION
Scan registration methods play a significant role in the mapping algorithms used on mobile robots. Many sensors provide
information about the environment in the form of point clouds,
such as RGBD cameras, LIDAR and stereo cameras. Scan
registration algorithms rely on overlapping geometry between
scans to determine the relative transformation between the two
scans. Knowing these transformation parameters allows for the
aggregation of point cloud data, which is commonly required
for autonomous operation in unknown environments.
The most popular scan registration methods used for mapping are the Iterative Closest Point (ICP) (Besl and McKay,
1992; Chen and Medioni, 1991; Zhang, 1994), Generalized Iterative Closest Point (G-ICP) (Segal et al., 2009) and the Normal Distributions Transform (NDT) (Biber and Strasser, 2003;
Magnusson et al., 2007; Stoyanov et al., 2012a) algorithms.
The ICP algorithm attempts to find transform parameters such
that the Euclidean distance between nearest neighbour points
are minimized. Since ICP forms correspondences completely
between points, the quality of the scan registration degrades
when the point cloud is sparse. Generalized ICP improves ICP
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by calculating the surface normal at each point using local
neighbourhoods, and uses the surface normal information to
improve the accuracy of the scan registration. However, the
quality of the surface normal is poor when the point cloud
is sparse, or when points are sampled from surfaces that are
non-planar, such as trees and shrubs. Furthermore, the main
bottleneck of the ICP and G-ICP algorithms is the costly nearest neighbour search used to identify point correspondences,
which is generally computationally expensive.
The NDT algorithm is a alternative approach, that does
not need to explicitly compute nearest neighbour correspondences, as it represents the point cloud as a set of Gaussian
distributions instead of as individual points. When performing registration, one scan is represented by the voxel based
distributions, and an overlap score is calculated according
to the probabilities of the points in the second scan being
sampled from the Gaussian distributions. To align the scans,
a nonlinear optimization is performed in order to determine
the transformation parameters such that the overlap score is
maximized. However, the optimization has been shown to have
poor convergence properties (Das and Waslander, 2012), as
the cost function is discontinuous due to points crossing cell
boundaries. Furthermore, The voxel based discretization of
NDT generates Gaussian distributions which do not necessarily model the environment accurately. The distributions only
locally model the points within each cell at a single scale, and
may not capture large features present within the scan that
help with broad alignment.
In this work, we apply segmentation and clustering techniques to improve the convergence properties and run-time
of the NDT algorithm, specifically for use in outdoor environments and with sparse point-clouds. We introduce Segmented Region Growing NDT (SRG-NDT) which identifies
and exploits natural features in the environment to generate
Gaussian clusters for the NDT algorithm. First, the ground
plane is removed from the scan using a Gaussian Process
based segmentation algorithm, and a computationally efficient
region growing algorithm is applied to cluster the remaining
points. Clustering according to natural features allows for
accurate modeling of the environment using significantly fewer
distributions compared to the standard NDT algorithm. The
application of ground segmentation also results in the decomposition of the environment into ground and obstacle partitions
which can be used for higher level mission execution. To
perform the registration, the cost of every point in the scene
scan is evaluated with respect to all clusters from the reference
scan, resulting in a smooth and continuous cost function which
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guarantees that the optimization will converge. Similarly, in
distribution to distribution matching, the scene scan is also
segmented and clustered and the cost of every cluster in the
scene scan is evaluated with respect to all clusters from the
reference scan.
Experiments verifying the approach are performed using
outdoor data from the Ford Vision and LIDAR dataset and
a data collected in a forested environment at Worcester Polytechnic Institute. From the experiments, three main results are
presented: First, we demonstrate that the SRG-NDT algorithm
performs scan registrations with comparable accuracy to existing state-of-the art methods. Second, we show that the removal
of the ground points from a point cloud reduces the computation time required for scan registration, while maintaining
comparable registration accuracy to a scan registration which
is performed using the full point cloud. Finally, we illustrate
that the SRG-NDT algorithm is capable of performing scan
registration with significantly faster run-time compared to the
existing methods, as SRG-NDT achieves an average decrease
in computation time over ICP, G-ICP and NDT of 90.1%,
95.3% and 94.5%, respectively.
This work proceeds as follows. Section II presents work
related to existing scan registration and clustering methods.
Section III formulates the scan registration problem and describes the NDT method in detail. In Section IV we present the
Segmented Region Growing NDT algorithm and the associated
details relating to Gaussian Process based ground segmentation and region growing clustering. Experimental results
validating the SRG-NDT approach are presented in Section
V. Finally, Section VI concludes our findings and presents
future directions for this work.
II. R ELATED W ORK
The best known and most widely used scan registration
algorithm is the Iterative Closest Point (ICP) algorithm, independently introduced by Besl and McKay (Besl and McKay,
1992), Chen and Medioni (Chen and Medioni, 1991), and
Zhang (Zhang, 1994). The ICP algorithm attempts to find
transform parameters that minimize the Euclidean distance
of corresponding points between the reference scan and the
scene scan. To compute the correspondence, a point in the
scene scan is queried against the reference scan to determine
the point in the reference scan which is the minimum Euclidean distance to the query point. The process of computing
point correspondences and minimizing the Euclidean distance
between corresponding points is performed iteratively until
convergence, when the sum of Euclidean distances between
corresponding point does not sufficiently decrease. In practice,
the point density of a scan typically decreases with range from
the laser scanner, thus a moving vehicle can create scans where
the same spatial region is sampled at different densities. The
ICP algorithm has difficulties in situations of differing point
density, as it corresponds every point individually and does not
use any surface information. To address the shortcomings of
ICP, Segal et al. introduced generalized-ICP (G-ICP) (Segal
et al., 2009), which calculates the surface normal at each
point, using local neighbourhoods, and only includes correspondences between points of similar surface normal structure

between the two scans. G-ICP explicitly takes sensor noise and
sampling characteristic into account, thus improving the convergence basin and convergence rate when compared to ICP.
The major shortcomings of both the ICP and G-ICP approach
is the generation of the nearest neighbour correspondences.
This step is generally computationally expensive and has been
shown to be the bottleneck of the ICP algorithm (Borrmann
et al., 2008).
An alternative approach for scan registration is the Normal
Distributions Transform (NDT). The NDT algorithm was first
suggested by Biber and Strasser for 2D scan registration and
mapping (Biber and Strasser, 2003), and was later expanded
into 3D (Magnusson et al., 2007; Takeuchi and Tsubouchi,
2006). The NDT algorithm represents the underlying scan
as a set of Gaussian distributions that locally model the
surface of the reference scan as a probability density function
(PDF). Given a parameter estimate for the desired transformation, a score is assigned which quantifies the amount
of overlap between the reference scan and the transformed
scene scan. The overlap score is determined by evaluating the
transformed scene scan points at the Gaussian distributions
which model the reference scan. In order to register the
two point clouds, a nonlinear optimization is performed to
determine the transformation parameters such that the overlap
score is maximized. Stoyanov et al. introduced a distribution
to distribution matching extension to NDT, which generates
Gaussian distributions for both the scene and reference scan
and minimizes the L2 distance between distribution sets of the
scene and reference scan in order to perform registration. The
distribution to distribution extension was shown to improve
the convergence basin, as well as improve computation time
(Stoyanov et al., 2012a).
Most recently, the use of the NDT representation of point
cloud data has been significantly extended to include map
representation, point cloud accuracy evaluation, localization,
and path planning applications. The extended methods all
rely on NDT based maps, and thus can greatly benefit from
advances in NDT based scan registration algorithms that allow
for robust and rapid aggregation of point clouds. NDT Occupancy Maps (NDT-OM) use a voxelized NDT representation
for the map and a recursive covariance update procedure to
probabalistically integrate new sensor information into the
NDT map. The NDT-OM combines the robustness of standard
occupancy based mapping and the compact spatial representation of NDT (Saarinen et al., 2013b), and has shown promising
results when used for dynamic environments (Stoyanov et al.,
2013) and Graph SLAM based approaches for long term
operations (Einhorn and Gross, 2013). 3D-NDT has also been
used to evaluate the accuracy of point cloud data collected
from different sensors (Stoyanov et al., 2012b), as well as
correct for distorted point clouds caused by the laser scanner
undergoing appreciable movement during the acquisition of
the scan (Almqvist et al., 2013). The popular Monte-Carlo
localization (MCL) algorithm was reformulated for NDT
based maps and was experimentally shown to provide superior
localization accuracy when compared to occupancy grid MCL
for industrial environments in both static and dynamic scenarios (Saarinen et al., 2013a). A modified wave-front planner
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using an NDT based map representation was demonstrated to
compute feasible paths in a computationally efficient manner
in a semi-structured 3D environment (Stoyanov et al., 2010).
Although it has been shown that the NDT algorithms are
able to produce higher quality registration results relative to
ICP (Magnusson et al., 2009), a major shortcoming of the
NDT algorithm is its poor convergence properties (Das and
Waslander, 2012). As the Gaussian distributions are generated
by partitioning the point cloud with rectilinear grid cells, the
nonlinear cost function used to determine the transform parameters is not well defined as points cross cell boundaries during
the optimization. As a result, convergence of the optimization
is not guaranteed. The issue of discontinuities in the cost
function is typically addressed using overlapping grid cells
or trilinear interpolation between grid cells (Magnusson et al.,
2007), however such techniques only mitigate the discontinues
instead of fully removing them. Furthermore, a typical NDT
scan registration transforms the point cloud data into a large
set of Gaussian distributions, in accordance with the selected
cell size. The run time of the NDT algorithm scales linearly
with the number of distributions, and although the naive
discretization approach does a reasonable job at modeling the
environment, improvements in run-time should be possible by
generating fewer Gaussian distributions which directly model
natural features in the environment.
It should be noted that due to strong underlying surface
structure and high object density, scan registration algorithms
generally perform well in structured environments with flat,
planar surfaces. In contrast, large outdoor environments with
trees and foliage makes the use of scan registration based
approaches challenging, as a typical point cloud from a laser
scanner such as the Velodyne-HDL32E sensor is sparse when
the environment is large, and relatively noisy when scanning
trees, grass, and foliage. The state of the art scan registration
algorithms generally make assumptions about point cloud data
which are not valid in sparse or forested environments. For
example, ICP methods requires a high point data density in order to provide accurate correspondences for nearest neighbour
search (Nüchter, 2009). G-ICP requires the computation of surface normal data, which is difficult to perform accurately with
sparse and noisy point cloud data of grass, trees and shrubs,
all of which are typical of a large, forested environment.
Conceptually, the NDT approach is suitable for a forested area,
as the sparsity issue can be resolved through the modelling
of the point cloud with Gaussian distributions. However, the
poor convergence properties of the NDT algorithm limits its
effectiveness in such an environment.
In order to improve convergence, the authors proposed the
partitioning of a 2D laser scan using k-means clustering,
over multiple scales with increasing number of clusters (Das
and Waslander, 2012). These sets of clusters were then used
in a course-to-fine optimization method in order to avoid
local minima and improve convergence. The approach results
in a smooth and continuous cost function, however the kmeans approach does not scale well to 3D point cloud data
and requires fixing the number of partitions a priori. Scan
partitioning has also been performed in 3D by Moosmann et
al., who used a graph based approach to segment a laser scan

based on local convexity criterion (Moosmann et al., 2009).
The method computes surface normal information in order
to partition the scan, however good quality surface normal
information is difficult to generate for sparse laser scans, or
when the environment consists of objects such as trees, brush,
and foliage. Gaussian processes (GP) and nearest neighbor
clustering algorithms operating on 3D voxel grids of point
cloud data have been shown to produce good segmentation
results on sparse laser data (Douillard et al., 2011), and
was further applied to ICP scan registration, where correspondences between neighbouring points were constrained to
belong to corresponding segments (Douillard et al., 2012).
Golovinskiy et al. (Golovinskiy et al., 2009) also demonstrated
3D point cloud clustering using a hierarchical approach, and
Klasing et al. (Klasing et al., 2008) performed clustering on
3D data using a radially bounded nearest neighbour (RBNN)
graph. Although promising, the use of 3D nearest-neighbour
clustering techniques is unnecessary for environments where
the majority of the natural features are spatially separated and
are oriented perpendicular to the ground. In such situations,
simpler methods such as 2D region growing from a topdown perspective of the scan can be applied. Region growing
algorithms are well established within the computer vision
community as segmentation methods that are able to provide
good clustering results in a computationally efficient manner
(Haralick and Shapiro, 1985).
III. P ROBLEM F ORMULATION
A. Scan Registration
Define a point cloud as the set of points P = {p1 , . . . , pNP }
where pi ∈ R3 for i ∈ {1, . . . , NP }. A point pj ∈ P
consists of three components, pj = {pxj , pyj , pzj }, which refer
to the x, y, and z components of the point, respectively. To
transform a point from the coordinate frame of the scene scan
to the coordinate frame of the reference scan, transformation
parameters are required. In 3D, the transform parameters
are given by E = [tx , ty , tz , φ, θ, ψ]T ∈ SE(3). Note that
the rotations will be defined by a 3 − 2 − 1 Euler angle
parametrization. The transformation function, TE : R3 7→ R3 ,
that maps a point from the scene scan, p ∈ P S , into the
coordinate frame of the reference scan, using a parameter
estimate, E, is given as


tx




(1)
TE (p) = Rφ Rθ Rψ p +  ty  ,
tz
where Rφ is the rotation matrix for a rotation about the x axis
by angle φ, Rθ is the rotation matrix for a rotation about the y
axis by angle θ, Rψ is the rotation matrix for a rotation about
the z axis by angle ψ, and [tx , ty , tz ]T is the translation vector
between the origins of the two frames.
Scan registration algorithms seek to find the optimal transformation between two point cloud scans, a reference scan,
P R , and a scene scan, P S . The goal is to determine transformation parameters which best align the two, such that the two
scans overlap as much as possible. To quantify the amount of
overlap between the two scans, a score function is required,
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and is denoted by the mapping Λ : SE(3) 7→ R. The 3D scan
registration problem can be defined as determining the optimal
transform parameters, E ∗ , such that
E ∗ = argmin Λ(E).

(2)

E∈SE(3)

B. NDT Scan Registration
The Normal Distributions Transform (NDT) is a method by
which sections of a point cloud are represented as Gaussian
distributions within a grid structure. The transform maps a
point cloud to a smooth surface representation described as
a set of local distributions which capture the shape of the
surface. Similar to an occupancy grid map, the NDT generates
a subdivided representation of the environment. However,
the occupancy grid represents the probability that the cell
is occupied, whereas the NDT represents the probability of
measuring a point cloud sample for each position within a
given cell.
The NDT registration algorithm begins by subdividing the
space occupied by the reference scan into fixed size, rectilinear
grid cells, c ⊆ R3 , where the set of all cells in the reference
scan is denoted as C R . Denote the collection of the reference
scan points in cell ci as PcRi = {p ∈ P R : p ∈ ci }. Given the
iith cell, the points of the reference scan occupying that cell
are used to generate a mean, µR
i , and a covariance matrix,
R
R
ΣR
i , for a representative Gaussian distribution, N (µi , Σi ).
The Gaussian distribution can be interpreted as a generative
process that models the local surface points PcRi within the
cell. Assuming that the locations of the reference scan surface
points are drawn from this distribution, the likelihood of
having measured a point p, within cell ci , can be modeled
as


(p − µTi )Σ−1
i (p − µi )
.
(3)
ρci (p) = exp −
2
An NDT probability distribution plot for a sample 2D laser
scan is given in Figure 1.
Since the point cloud is modelled by a piecewise continuous
and piecewise differentiable summation of Gaussians, numerical optimization tools can be used in order to register the scene
scan with the reference scan. A fitness score can be calculated
which quantifies the measure of overlap between the reference
scan and the scene scan transformed by parameter estimate E.
The original work by Magnusson for point to distribution NDT
registration calculates the cost by evaluating each point in the
transformed scan at the distribution corresponding to the NDT
cell which each transformed point occupies (Magnusson et al.,
2007). The NDT point-to-distribution score is given as
X
Λp2d
ρccur (TE (p)),
(4)
ndt (E) = −
p∈P S

where ccur denotes the cell which point p occupies when
transformed by parameter estimate E. Stoyanov et al. introduced a modified version of NDT which generates an NDT
representation of both scans, then compares the distributions
of the scans in order to align them (Stoyanov et al., 2012a).

Fig. 1. Probability density of the laser scan from NDT for each cell. Lighter
areas indicate higher probabilities of sample points.

For distribution to distribution matching, the scene scan P S is
also divided into a set of cells, C S , where the points contained
in the ith cell are used to model the distribution N (µSi , ΣSi ).
To align the scans, an optimization is formulated to minimize
the L2 -distance between the sets of Gaussian distributions of
the reference and scene scan. Denote the difference of mean
values for the ith Gaussian distribution from the reference scan
and the j th Gaussian distribution of the scene scan as


βij = TE (µSj ) − µR
i .

(5)

Using the difference of means, the NDT distribution-todistribution score function is given as
|C R | |C S |

−1
1 T T S
exp(− βij
Er Σj Er + ΣR
βij ).
i
2
i=1 j=1
(6)
The distribution to distribution cost function evaluates all
pairwise Gaussian components for both the scene and the
reference scan. In Stoyanov’s work however, the cost function
is only evaluated at the nearest Gaussian component in order
to reduce computation. Evaluation at the nearest Gaussian
results in discontinuities in the overall cost function, which
implies that the cost function is non-smooth and the gradient
and Hessian do not exist in the transformation space when
the correspondences between mean points change. Related
approaches address the discontinuous cost function using a
tri-linear interpolation scheme which takes distributions from
neighbouring cells into account when calculating the gradient
and Hessian contributions (Magnusson et al., 2007). However,
the tri-linear interpolation does not fully solve the issue, as
the cost functions are still discontinuous.
Λd2d
ndt (E)

=−

XX
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It should be noted that it is possible to compute an analytic
gradient, g, and Hessian H, for both NDT cost functions,
which can be used for improving the performance of the nonlinear optimization method selected. For point to distribution
matching, denote the functions Πg (pk , E), and ΠH (pk , E),
which use a point in the scene scan and the transformation
parameters to calculate an associated gradient and Hessian
contribution for point pk . The optimization is initialized from
a parameter estimate Ê, and terminates once the norm of the
gradient, kgk, is less than a user specified threshold, ndt .
Biber et al. use a Newton method with line search to perform
the optimization (Biber and Strasser, 2003), however other
methods such as Levenberg-Marquardt or Broyden-FletcherGoldfarb-Shanno (BFGS) method could be used (Magnusson,
2009).
IV. P ROPOSED M ETHOD : S EGMENTED R EGION G ROWING
NDT
To perform Segmented Region Growing NDT, the NDT
algorithm is modified in the following three ways. First, the
ground points of the scan are removed using the ground
segmentation method described in Section IV-A. In large,
outdoor, field-like environments, the ground points typically
do not provide as much information for the purpose of scan
registration as other environmental features such as large trees,
fences, etc., and in fact, can decrease the accuracy of ICP
and NDT. Scan point density also becomes an issue when
dealing with the ground, as the ground points very close to
the laser scan are more dense than those further away. Nonuniform density of the point cloud is not desirable for NDT,
since the high density of points near the vehicle will have
a tendency to generate Gaussian distributions biased towards
the sensor origin. The non-uniform density of a scan can
be somewhat mitigated using a down-sampling voxel based
filter for the scan, however the use of a voxel filter adds
additional computation to the scan registration, and removes
information from the entire scan due to the down-sampling
process. Although down sampling the scan will remove the
biased distribution issue for NDT, it does not solve the problem
of the discontinuous cost function.
Second, the non-ground points are clustered using the region
growing method described in Section IV-B. By performing
the clustering step, natural features in the environment, such
as trees and bushes, are clustered to form the Gaussian
distributions for SRG-NDT. The region growing clustering
method can be seen as a way to capture representative features
from the environment, assuming they are spatially separated
once the ground points have been removed and are distributed
in a configuration that allows for the formation of clusters that
are sufficient for NDT registration.
Finally, to accommodate the region clustering of the scan,
the NDT cost calculation is modified as described in Section
IV-C. The SRG-NDT algorithm evaluates the transformed
point with respect to the set of all the Gaussian distributions for
the clusters identified by the region growing method. Similarly,
SRG-NDT is applied to the distribution-to-distribution NDT
cost by scoring each Gaussian distribution in the scene scan

with respect to all Gaussian distributions from the reference
scan. Evaluation at all of the distributions is computationally
feasible since the number of clusters identified in the scan
is typically significantly smaller than the number of Gaussian
distributions that would result from voxel based discretization.
Calculating the cost based on all Gaussian distributions in
the scans allows for the strongest contributions to come
from the most likely clusters and provides a continuous and
differentiable cost function for the optimization.
A. Ground Segmentation
The basis for the ground segmentation algorithm used for
this work was first demonstrated by Douillard et al. (Douillard
et al., 2011). Their method performs ground segmentation
based on a 2D Gaussian process model of the sparse point
clouds. The use of Gaussian processes provides a probabilistic
framework to identify ground points using an incremental
sample consensus (INSAC) method. A modified version of
Douillard’s ground segmentation algorithm was introduced by
Tongtong et al. (Tongtong et al., 2011). To reduce computation,
Tongtong divides the scan into sectors based on a polar grid
binning, and applies the ground segmentation to each sector
separately. The Gaussian process regression is formulated for
an approximate signal, based on the points contained in each
sector. Tongtong’s method was shown to run more quickly
than the 2D method, with comparable results in segmentation
quality. The 1D approximation method for ground segmentation from (Tongtong et al., 2011) is used in this work, and is
briefly summarized in this section.
1) Polar Grid Binning: In order to perform the polar grid
binning, the x−y plane of the laser scan, in the laser frame, is
first segmented into Na angular sectors. The angle each sector
covers, τa , is given by
τa =

2π
.
Na

(7)

Each sector is further sub-divided into Nl linear range based
bins. The distance each linear range bin covers, τl , is given
by
τi =

Rmax
,
Nb

(8)

where Rmax is the maximum range measurement expected for
the given scan. Denote the cell for the ith sector and j th linear
range bin as ξij ⊆ R2 , and the set of all bins as Ξ where
|Ξ| = Na Nl . Define the points from point cloud P whose
projection falls within cell ξij as
Pij = {p ∈ P : (px , py ) ∈ ξij }.

(9)

To perform rapid ground segmentation, a set of tuples is
constructed from the cell point sets, Pij . In order to construct
the set of tuples, a prototype point is determined for the points
within each cell. For the case of ground segmentation, it is
desirable to model the prototype point in each cell such that it
best represents the ground. The prototype point for the points
Pij within each cell ξij is selected as the point with the lowest
z co-ordinate, and is given as
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xij = argmin(pz ).

(10)

p∈Pij

Finally, using the prototype point for the points in each
cell, the set of tuples for each angular sector can be defined.
Denote a tuple associated with the prototype point xij of a
cell as yij = (rij , hij ) ∈ R2 . For the tuple notation, the first
element of the tuple rij ∈ R denotes the range component, and
hij ∈ R denotes the height component. Using the prototype
point for the cell, xij , the range and height components for
the tuple are calculated as
rij =

q
(xxij )2 + (xyij )2

(11)

hij =

xzij .

(12)

The range element, rij , is the Euclidean distance of the x and y
components from the prototype point, xij , to the sensor origin,
and the height element, hij , is simply the z component of the
prototype point. The set of tuples, Yi , for angular sector i is
defined as
Yi = {yij : j ∈ {1 . . . Nl }}.

(13)

2) Gaussian Process Regression: Ground segmentation is
done by performing Gaussian Process (GP) regression. For a
thorough exploration of the usage of GP’s for ground terrain
modeling, see Vasudevan et al. (Vasudevan et al., 2009). The
GP regression provides a probabilistic framework to predict a
set of height values for a set of query inputs, given a set of
training data. Suppose the GP model is to be trained with a
subset of the range-height tuple set, denoted as Ȳi ⊆ Yi . A
covariance function is used to quantify the correlation among
data points used for the regression. In this work, a squaredexponential covariance function, κ : R2 7→ R is used. Suppose
the correlation between two scalar data points, b1 ∈ R and
b2 ∈ R is desired. Using the squared-exponential covariance
function, the correlation is given by
1
(b1 − b2 )2 ),
(14)
2l2
where l ∈ R is the length-scale parameter, and σf ∈ R is
the input variance, which are known as the hyper-parameters
for the GP model. Given the covariance function, a regression
problem for ground segmentation can be posed which seeks
to predict the height values for the associated range values
from tuple set, Yi , given that the GP model has been trained
using the data from the training set, Ȳi . Using the covariance
function, define four matrices which correlate the query and
training range data. Denote Kqq ∈ R|Yi |×|Yi | as the autocovariance matrix for the query set. Let the notation K access
element (j, k) of the matrix K(j, k). To simplify notation, let
the range and height values of a tuple element yk ∈ Yi be
denoted as rk and hk , respectively. Then, each element of
the matrix Kqq is populated using the squared exponential
covariance function given by Equation (14),
κ(b1 , b2 ) = σf2 exp(−

Kqq (j, k) = κ(rj , rk ),

∀ yj , yk ∈ Yi .

(15)

Similarly, the cross-covariance matrix between the query and
¯
training data, Kqt ∈ R|Yi |×|Yi | , and the auto-covariance matrix
¯
¯
for the training data, Ktt ∈ R|Yi |×|Yi | , can be defined as
Kqt (j, k) = κ(rj , rk ),
Ktq =

∀ yj ∈ Ȳi and yk ∈ Yi

T
Kqt

Ktt (j, k) = κ(rj , rk ),

(16)
(17)

∀ yj , yk ∈ Ȳi .

(18)

Using the auto and cross correlation matrices, the Gaussian
process models the relationship between the input and training
data as a joint distribution. Denote the vector of height values
from the training set as the vector λ = [h1 . . . h|Y¯i | ]T , where
h ∈ Ȳi . Similarly, denote the vector λ∗ as height values to be
inferred using the GP regression. The GP is then modelled as
the joint distribution
"
#
"
#!
λ
Ktt + σn2 I Ktq
∼ N 0,
,
(19)
λ∗
Kqt
Kqq
where σn2 is an additional hyper-parameter, the process noise
variance.
From the joint distribution, an expression for the conditional
mean and conditional variance can be expressed. The conditional mean and covariance expressions result in the predictive
equations. In other words, using the training data and the
predictive equations, a vector of ground height values, λ∗ ,
and associated covariances, Vλ∗ , can be predicted for a set of
queried range values. The conditional mean and covariance
predictive equations are given as

−1
λ∗ = Kqt Ktt + σn2 I
λ

−1
Vλ∗ = Kqq − Kqt Ktt + σn2 I
Ktq .

(20)
(21)

Denote the method Υ(Yi , Ȳi ), that generates the four correlation matrices Ktt , Ktq , Kqt , and Kqq using the training data,
Yi , and query points, Ȳi , for the angular sector, i.
From the predictive equations, the estimated ground height
for a given range value from the set of query data can be
generated. Using index notation, denote λ∗k as the k th element
of the query height vector, λ∗ , and similarly denote λk as the
k th element of the vector of training heights, λ. Further denote
Nλ∗ as the number of elements in the vector, λ∗ and note that
Nλ∗ = |Yi |. In order to determine if the query point is an inlier
according to the GP model, the predicted ground height, λ∗k ,
can be compared to the actual ground height from the tuple,
yk = (rk , hk ) ∈ Yi , for the query point. To be considered an
inlier with the GP model, two criteria must be fulfilled:
Vλ∗k < δmodel
h − λ∗k
qk
< δdata ,
σn2 + Vλ∗k

(22)
(23)

where δmodel defines the threshold of covariance for the
test point and δdata defines a normalized distance of the
test point to its expected value from the GP model. The
comparison of the test point to δmodel ensures that there
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is sufficient confidence in the GP model to allow for inlier
classification, and the comparison to δdata uses the distance
between the predicted ground height and measured ground
height to classify the query point as an inlier to the GP model.
3) Ground Segmentation Using Gaussian Process Regression and Incremental Sample Consensus: The INSAC algorithm is used in conjunction with the GP regression model to
identify all of the ground points in the laser scan. The ground
points are separately identified for each sector of the polar grid
bins. The 3D scan is first binned into sectors as discussed in
section IV-A1. In order to initialize the ground segmentation,
a seed-set for each sector is selected as the range-height tuple
points that are within a threshold distance of the laser scan
origin, δo . For each sector, the training points for the GP
model, Ȳi , is then selected as the sector’s seed points. The
remainder of the prototype point tuples in the query set, Yi ,
are evaluated against the GP model. The inlier tuples for the
current iteration are added to the inlier set, Yin , and a new
GP model is produced. The process of adding inliers and regenerating the GP model is repeated until no further inliers
can be added to the set. Since there are no remaining inliers,
all the prototype points for the bins have been classified as
ground or not ground. To classify the remaining points in each
ground bin, the height component of each point is compared
to the height component of the ground prototype point. If
the absolute difference in height is less than a user defined
threshold, δg , the points are also classified as ground points.
Denote the method P g ← ϑ(P ), which accepts point cloud P
and returns the ground points P g . The ground segmentation
process is summarized in Algorithm 1. Ground segmentation
results for an example laser scan are given in Figure 2.
B. Clustering of the Non-Ground Points
In order to perform clustering of the non-ground points of
a sparse point cloud, a region growing clustering technique
based on bins of points is used. The bin assignments of
the points generated for the ground segmentation process
are reused for the clustering algorithm. Reuse of the cells
and point bin assignments allows for rapid clustering of the
non-ground points using a simple region growing approach
(Haralick and Shapiro, 1985) that connect adjacent cells which
contain non-ground points and satisfy user defined merging
conditions (such as a maximum distance between the mean
the points located within adjacent cells, or the L2 distance
between distributions of points from adjacent cells).
Using a similar polar grid technique as described in Section
IV-A1, except using a single index for simplicity of notation,
denote a polar grid cell as ξi ⊂ R2 and the set of all such cells
as Ξ. For a point cloud of non-ground points, P ng , denote the
points which fall within cell ξi as
Ping = {p ∈ P ng : (px , py ) ∈ ξi },

(24)

ng
and the set of all cell point sets as P = {P1ng . . . P|Ξ|
}. Denote
ng
a cluster of points as γ ⊆ P , and the set of clusters as
Γ = {γ1 . . . γNΓ }, where NΓ is the total number of clusters,
which is initially unknown. The clusters are generated by first
randomly sampling an initial bin index, i, from a random

Algorithm 1 ϑ(P ): Given point cloud P , find the ground
points, P g , using GP-INSAC.
1: P g ← ∅
2: for all i ∈ {1 . . . Na } do
3:
Yi ← ∅
4:
for all j ∈ {1 . . . Nl } do
5:
xij = argmin(pz )
qp∈Pij
6:
rij = (xxij )2 + (xyij )2
7:
hij = xzij
8:
yij = (rij , hij )
9:
Yi ← Yi ∪ yij
10:
end for
11: end for
12: for all i ∈ {1 . . . Na } do
13:
Ȳi ← {(r, h) ∈ Yi : r < δo }
14:
Yin ← Ȳi
15:
Yi ← Yi \Ȳi
16:
while Yin 6= ∅ do
17:
Yin ← ∅
18:
[Kqq , Kqt , Ktq , Ktt ] ← Υ(Yi , Ȳi )
−1

λ
19:
λ∗ ← Kqt Ktt + σn2 I

−1
20:
Vλ∗ ← Kqq − Kqt Ktt + σn2 I
Ktq
21:
for all yk ∈ Yi do
h −λ∗
22:
if Vλ∗k < δmodel and q k2 k < δdata } then
σn +Vλ∗

k

23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:

Yin ← Yin ∪ yk
end if
end for
Ȳi ← Ȳi ∪ Yin
Yi ← Yi \Yin
for all j ∈ {1 . . . Nl } do
if (rij , hij ) ∈ Ȳi then
Pin ← {p ∈ Pij : |pz − hij | < δg
P g ← P g ∪ Pin
end if
end for
end while
end for

uniform distribution, U, such that i ∼ U(i ∈ {1 . . . |Ξ|}).
Letting µi ∈ R3 be the mean of point set Pi , denote the
distance function d : P × P 7→ R return the distance between
point sets Pi and Pj as
d(Pi , Pj ) = kµi − µj km ,

(25)

where m denotes the type of norm to be used. Using Equation
(25), the nearest neighbour set of point set Ω, to point set Pi
can be given as
Ω = {P ∈ P : d(P, Pi ) < δnn }\Pi ,

(26)

where δnn determines the size of neighbour to consider for
point set Pi .
For the randomly selected point set Pi , the nearest neighbours are generated and added to the nearest neighbour set, Ω.
An element from the nearest neighbour set, Pj ∈ Ω, can be
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(a) Classification of prototype points for one sector

(b) Ground segmentation result for 3D laser Scan

Fig. 2. Ground segmentation results for an outdoor scene with large trees and shrubs. Blue points have been classified as ground, and red X points are
classified as non-ground. Figure (a) shows the classification results for a single sector after performing the GP based ground segmentation. The x-axis shows
the division of bins for the sector. Figure (b) shows the classification results for the entire 3D laser scan. The scan has been binned with the parameters
τa = 8 degrees and τl = 1.875 meters.

compared to Pi to determine if the two can be combined.
Merging of the two clusters is decided using the function
% : P × P 7→ {0, 1}. The function %(Pi , Pj ) returns 1 if the
two point sets Pi and Pj can be merged, and 0 otherwise. In
the merging function, different metrics can be used to compare
the point sets, such as Euclidean distance between the mean
of the points, the L2 distance between Gaussian distributions
formed by the point sets, or a test for Gaussian fit. If the bins
can be combined, the neighbour bin is added to an open list of
point sets, Qo , where the notation Qko denotes the k th element
of Qo . The neighbour point set is also removed from the set
of all point sets and is merged into the points of the current
cluster, γcur . The nearest neighbours of the bins from Qo are
explored and evaluated. When a bin is explored, its nearest
neighbours are also added to Qo , based on the evaluation
function, %. Once Qo is empty, it means no further nearest
neighbours can be assigned to the current cluster so a new
point set from P is selected, and the process is repeated. The
process continues until all non-empty point sets in P have
been assigned to a cluster. The region growing algorithm is
presented in Algorithm 2. Denote the method Γ ← η(P ng )
from Algorithm 2, which accepts the point cloud of nonground points and returns the set of clusters determined by
the region growing algorithm. An example of the resulting
Gaussian distributions after the clustering has been completed
is presented in Figure 3.
C. SRG-NDT Cost Function
The NDT cost function is modified to score each point
in the segmented reference scan with respect to all of the
Gaussian distributions generated from performing the region
growing clustering algorithm on the scene scan. Denote a point
in the scene scan that has been transformed by parameter
estimate E as p̄ = TE (p). The transformed point can be scored
with respect to a Gaussian cluster, γj , using the NDT score
function, ρ, and is given as

Algorithm 2 η(P ng ): Given the point set for the non-ground
point cloud, P, perform Region Growing Clustering and return
the set of clusters Γ.
1: while P =
6 ∅ do
2:
i ∼ U(i ∈ {1 . . . |Ξ|})
3:
P ← P\Pi
4:
if Pi 6= ∅ then
5:
γcur ← Pi
6:
Qo ← {Pi }
7:
while Qo 6= ∅ do
8:
P̃ ← Q1o
9:
Qo ← Qo \Q1o
10:
Ω = {P ∈ P : d(P, P̃ ) < δnn }\P̃
11:
for all P ∈ Ω do
12:
if %(P, P̃ ) then
13:
Qo ← Qo ∪ {P }
14:
γcur ← γcur ∪ P
15:
P ← P\P
16:
end if
17:
end for
18:
end while
19:
Γ ← Γ ∪ {γcur }
20:
end if
21: end while

(p̄ − µTj )Σ−1
j (p̄ − µj )
ργj (p̄) = exp −
2

!
.

(27)

The points in the scene scan are scored against all of the
Gaussian clusters from the reference scan, which allows for the
strongest contributions to come from the most likely clusters
and provides a continuous and differentiable cost function for
the optimization. Similar to the standard NDT algorithm, it
is possible to compute an analytic gradient, g, and Hessian
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Algorithm 3 Register scene scan P S with reference scan P R
using SRG-NDT Algorithm and initial parameter estimate Ê.
E ← Ê
P g ← ϑ(P R )
P ng ← P R \P g
4: Γ ← η(P ng )
5: for all γj ∈ Γ do
P
6:
µγj ← |γ1j |
p

1:
2:
3:

p∈γj

7:
8:
9:
10:
Fig. 3. The resulting Gaussian distributions after performing the clustering algorithm on the non-ground point laser scan. One-sigma Gaussian distributions
are shown.

H, for the cost function, which can be used for improving the
performance of the nonlinear optimization. The optimization is
initialized from a parameter estimate Ê, and terminates once
the norm of the gradient kgk is less than a user specified
threshold, ndt . Note that since the cost is continuous, the
analytic gradient and Hessian exist and are well defined for
the whole transformation parameter space, thus guaranteeing
convergence of the optimization using any gradient based
method.
A summary of SRG-NDT with point to distribution matching is given in Algorithm 3. For distribution to distribution
matching SRG-NDT, a similar method is applied, except both
laser scans are segmented and clustered and the set of resulting
Gaussian distributions for each scan are compared using the
distribution to distribution NDT cost function.
V. E XPERIMENTAL R ESULTS
The SRG-NDT approach is evaluated using two data sets
of different environments and is compared to other scan
registration algorithms. The algorithms used for comparison
are ICP, NDT and G-ICP, and for the purposes of comparison,
the Point Cloud Library (PCL) implementations of these
algorithms are used (Bogdan and Cousins, 2011). Note that
for the experiments, the distribution to distribution version of
SRG-NDT was evaluated and implemented in C++/ROS, as
distribution to distribution version of NDT outperforms the
point to distribution version of SRG-NDT in both registration
quality and run-time (Stoyanov et al., 2012a). The ICP algorithms are implemented using a maximum correspondence
distance of 10m and the NDT algorithm was implemented
with a grid size of 3m. For all optimization based approaches,
the optimization is terminated when the norm of the gradient
or the norm of the step size falls below 10−6 . The criteria
for merging bins in the region growing cluster algorithm is a
test for Gaussian fit, which is also used by Stoyanov et al. to
partition NDT cells (Stoyanov et al., 2012a).
In order to test the accuracy of SRG-NDT against other scan
registration methods, the Ford Campus Vision and LIDAR

11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

Σγj ←

1
|γj |−1

P

(p − µγj )(p − µγj )T

p∈γj

end for
while g > ndt do
s←0
g←0
H←0
for all p ∈ P S do
p̄ ← TE (p)
for all γj ∈ Γ do
s ← s + ργj (p̄)
g ← g + Πg (p̄, E)
H ← H + ΠH (p̄, E)
end for
end for
solve: H∆E = −g
E ← E + ∆E
end while
E∗ ← E

data set (Pandey et al., 2011) and the Worcester Polytechnic
Institute (WPI) data set are used. The Ford data set consists
of approximately 6200 scans, and was generated using a
Velodyne HDL-64E LIDAR with ground truth acquired by
integrating the high quality velocity and acceleration measurements produced by an Applanix POS-LV 420 INS with
Trimble GPS. When scans were aligned using the ground truth
measurements, the alignment was seen to have on the order of
sub-degree accuracy in orientation and decimeter accuracy in
position. To determine the robustness of the proposed method
in a sparse, forested environment, the WPI data set is used.
The WPI data was collected as part of the NASA Sample
Return Robot Challenge, at Worcester Polytechnic Institute
(WPI) and consist of approximately 5000 scans. The laser
scans were collected using a Velodyne HDL-32E LIDAR,
mounted to a custom made chassis designed for the challenge.
The environment consists mainly of trees and other foliage, as
well as a single small gazebo structure.
To assess the scan registration quality for the tested algorithms when ground truth is not available, the pair-wise
registered scans are aggregated into a map. The maps are
evaluated using a crispness measure, which is also used for
map evaluation in (Douillard et al., 2012). The crispness of a
map is evaluated by discretizing the 3D space into voxels and
recording the number of occupied voxels. For the experiment,
a voxel size of 0.1 m is used. A map which evaluates to a
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lower number is said to be crisper than a map which evaluates
to a higher number. The crispness quality measure attempts to
quantify the blurring that results in the aggregated map caused
by incremental pair-wise registration errors as the scans are
aggregated.
The experimental results are presented in three parts. First,
a comparison of the accuracy of the tested scan registration
methods using the Ford data-set and WPI data set is presented.
Second, analysis which demonstrates the effect of ground
segmentation on registration quality is discussed. Finally, a
comparison of the run-times for the tested methods is shown.

Crispness
Trans. err. [m]
Rot. err. [rad]

ICP
–
0.363
0.0037

G-ICP
14.5%
0.199
0.0030

NDT
12.1%
0.271
0.0036

SRG-NDT
14.2%
0.190
0.0030

TABLE I
P ERCENT IMPROVEMENT OF MAP CRISPNESS AND AVERAGE
TRANSLATION AND ROTATION ERROR (F ORD DATASET ).

Crispness

ICP
–

G-ICP
13.5%

NDT
14.5%

SRG-NDT
15.2%

TABLE II
P ERCENT IMPROVEMENT OF MAP CRISPNESS USING THE WPI DATASET.

A. Evaluation of Scan Registration Accuracy
1) Outdoor Urban Environments: In order to test the
accuracy of the scan registration in an urban environment,
each algorithm performs pair-wise scan registration using the
LIDAR data from the Ford data set, and is performed over the
full 6200 scans. The registration is initialized with a parameter
estimate of zero translation and zero rotation. The error in the
translation and rotation of registration is then compared to
the ground truth measurements. The translation and rotation
error distributions, along with the run-time for the evaluated
algorithms, are displayed in Figure 4.
The error distributions from Figure 4 demonstrate that the
SRG-NDT and G-ICP algorithm produces registrations with
the highest accuracy. The NDT algorithm also shows fairly low
translation and rotation errors, however, these do not appear to
be as accurate as SRG-NDT or G-ICP. Note that the number
of failed registrations (denoted as outliers in Figure 4) account
for less than 10% of the total scan registrations performed. The
crispness measure for each registration algorithm is generated
from the aggregate map formed from a subset of 100 scans.
The crispness measures, along with the average translation
and rotation errors for ICP, G-ICP, NDT, and SRG-NDT are
presented in Table I as percent improvement over the ICP
crispness value. To evaluate the strength of the correlation
between the crispness measure and the accuracy of the scan
registration, the Pearson product moment correlation between
the crispness and average translation error is computed. No
correlation is calculated for the rotation error as the deviation
in error between the evaluated algorithms is very small. The
correlation between the crispness and translation error is
−0.9748, and is found to be statistically significant with a
confidence level of 95%. It is evident that the crispness is very
strongly correlated with the accuracy of the scan registration
and thus strengthens the case for the use of crispness to
determine the registration quality for data where ground truth
is not available.
The qualitative result of map crispness can be seen when
a subset of the registered scans are aggregated into a map.
When aggregated, SRG-NDT and G-ICP generate high quality
maps, while ICP produces a lower quality map due to the accumulation of registration error, as illustrated in Figure 5. The
aggregated map of G-ICP is visually indistinguishable from
that of SRG-NDT and is therefore not included in the figure.
The maps produced by SRG-NDT show very little blurring of
features such as the building walls and cars. Conversely, the

map generated by ICP has a blurred appearance and less sharp
features.
2) Accuracy in Sparse Forested Environments: To determine robustness of the proposed scan registration method in
a forested environment, an experiment analogous to the one
performed for the urban environment is conducted using the
WPI data set. Each algorithm performs pair-wise scan registration using every 50th scan produced by the LIDAR, as the
robot moved slowly through the environment. The registration
is initialized with a parameter estimate of zero translation
and zero rotation. The experiment demonstrates performance
in situations where odometry estimates are highly inaccurate,
such as in GPS denied environments, or on vehicles where
wheel slip or other factors make accurate state estimation
difficult. Since accurate ground truth is not available for the
WPI data, the aggregated maps are evaluated based solely on
the crispness measure. The crispness measures comparing ICP,
G-ICP, NDT, and SRG-NDT are presented in Table II.
The crispness measure illustrates that G-ICP was not able
to provide accurate scan registration results as compared to
the NDT or SRG-NDT algorithm. The inaccuracy is most
likely because G-ICP relies on accurate surface normals to
determine the correct point correspondences, which is difficult
to achieve in a forested environment. The stronger crispness
scores of SRG-NDT over NDT is likely a result of the poor
converge properties of NDT, along with inaccurate modeling
of the environment from the voxelized discretization. The
SRG-NDT algorithm models environmental features such as
trees and shrubs as a mixture of Gaussian distributions, thus
good registration results are achievable in sparse environments
with poor local surface structure. Visually, the result of aggregating the registered scans is presented in Figure 6, which
show the G-ICP and SRG-NDT maps from top down view
of the traversed area, as well as a close up view of the
environmental features. The G-ICP map shows significant drift
and occasionally poor convergence to local minima, while the
SRG-NDT map maintains very crisp features. The crispness
of the features can be clearly identified by inspecting the
alignment of the structural columns seen in the close-up view.
B. Effect of Ground Segmentation on Accuracy
To demonstrate the effect of ground segmentation on scan
registration quality, an experiment is conducted where ground
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Fig. 4. Box-plots of the error distributions for each algorithm for the experiment from the Ford campus data set. (a) Absolute translation error. (b) Absolute
rotation error.

(a) Top down view of the map generated by aggregating scans (b) Top down view of the map generated by aggregating scans
using pair-wise ICP registration.
using pair-wise SRG-NDT registration.
Fig. 5. Resulting maps generated by aggregating scans using pair-wise (a) ICP and (b) SRG-NDT algorithms. Note the sharper corners, walls, cars and other
features from the SRG-NDT map compared to the ICP generated map. The map is coloured based on height from the ground.

segmentation is performed to varying degrees prior to scan
registration. For the Ford data set, a set of scans is extracted
from a sequence of the scan data where the tested scan
registration algorithms all converged to parameters that were
within 10% of the ground truth values. For every scan in
the scan set, the ground is segmented using the GP-INSAC
method. Once the ground is segmented, a portion of the ground
points is combined with the non-ground points, and the portion
of ground points is combined by first passing the ground points
through a voxel grid filter. The proportion of ground points
combined with the non-ground points is controlled by the
parameters of the voxel grid filter, as the larger the size of the
voxel grid, the fewer the number of ground points included in
the registration process. In the experiments, the proportion of
ground points combined with non-ground points range from
full ground (FG) to no ground (NG), with increasing voxel grid
filter size between the FG and NG range. For each scan set, the
scans within each set are pair-wise registered using the ICP, GICP and NDT algorithms. The normalized crispness measure
(normalized to the crispness of the aggregated map with full

ground) is calculated, as well as the translation and rotation
registration errors as compared to the data set’s ground truth.
The computation time for the registration is also recorded.
The results of the experiment for the Ford data set, comparing
ICP, G-ICP, and NDT are presented in Figure 7. A similar
experiment is performed using the the WPI data set, however
since no ground truth data is available, only the normalized
crispness measure and run time are calculated. The results of
the experiment using the WPI data set, comparing the ICP,
G-ICP and NDT algorithms are presented in Figure 8.
From the results of the experiments, it is evident that the
removal of the ground points does not significantly affect
the quality of the scan registration. For the aggregated map
using the ICP, G-ICP and NDT algorithms, the normalized
crispness measure from the aggregated map constructed using
the down sampled ground point does not deviate significantly
from the crispness result generated using scans containing the
full ground. From the Ford data set, it is seen that the error
in the translation and rotation parameters is relatively constant
across the varying degrees of ground removal, suggesting that
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(a) Pair-wise G-ICP registration

(b) Pair-wise SRG-NDT registration

(c) Close-up view of the G-ICP map

(d) Close-up view of the SRG-NDT map

Fig. 6. Top-down and close-up views for the resulting aggregated maps using the SRG-NDT and G-ICP algorithms. Note the crispness in features and reduced
map drift for SRG-NDT (Figures (b) and (d)), as compared to the G-ICP maps (Figures (a) and (c)).

the removal of the ground does not negatively affect the scan
registration quality and that the ground points do not contribute
any significant information to the registration process. The
sharp increase in translation error for G-ICP at a 12.8 m voxel
filter size is likely the result of some of the scan registrations
converging to local minima. Other than the anomaly seen with
G-ICP, the remainder of the translation and rotation errors are
relatively consistent.
The execution time plots in Figures 7(d) and 8(b) illustrate that as increasing percentages of the ground points are
removed, the registration run time decreases. The decrease
in run time is expected, as the reduction of points from
the ground removal will inherently decrease scan registration
time, especially for the ICP and G-ICP algorithms where
nearest neighbour correspondences are required. Overall, the
experiment illustrates that the removal of the ground does not
negatively affect the quality of the scan registration, while
decreasing the run time for the scan registration algorithm.
Similar results are illustrated by the experiment conducted
using the WPI data set, where the crispness measure remains
relatively constant across varying degrees of ground removal,
while the required registration run time is decreased. The
decrease in run time is even more pronounced for the WPI
dataset as the environment is fairly sparse, thus the removal

of the ground points discards a larger portion of the points as
compared to the urban environment.
C. Run-time evaluation
The run-times required for each registration algorithm are
visualized in the box-plots presented in Figure 9. The run-time
evaluation clearly demonstrates that the SRG-NDT algorithm
is able to perform scan registration significantly faster than
the existing methods. The average run-time values and percent
speed-up achieved using SRG-NDT are presented in Table III.
On average, the SRG-NDT algorithm achieves a 90.1% speedup over ICP, a 95.3% speed-up over G-ICP, and a 94.5% speedup over NDT. The computational effectiveness of the SRGNDT algorithm is a result of using a low-cost segmentation
and clustering algorithm to remove the ground points of the
scan, then forming a relatively small set of Gaussian clusters
using the natural features that capture a sufficient amount of
detail within the environment. Note that on average, the ground
segmentation and clustering require only 30 ms to perform.
VI. C ONCLUSION
This work presents the Segmented Region Growing NDT
algorithm, which segments the ground from the scans, clusters
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Fig. 9. Box-plots illustrating registration run-time for the Ford and WPI datasets. (a) Ford dataset. (b) WPI dataset.
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Ford
% Imp.
WPI
% Imp.
Avg. Imp.

ICP
2750
90.1%
2313
90.1%
90.1%

G-ICP
5599
95.5%
4614
95.1%
95.3%

NDT
5782
95.6%
3434
93.3%
94.5%

SRG-NDT
250
–
228
–
–

TABLE III
AVERAGE RUN - TIMES ( MS ) FOR F ORD AND WPI DATASETS AND PERCENT
IMPROVEMENT OF SRG-NDT.

the non-ground points using a region growing clustering
algorithm, then models each cluster as a Gaussian distribution.
Unlike the NDT algorithm where the cost function is discontinuous as points cross over cell boundaries, the SRG-NDT algorithm evaluates the NDT cost function at all of the generated
clusters, resulting in a smooth and continuous cost function
which guarantees convergence of the optimization. The region
growing clustering algorithm generates a smaller set of clusters
that sufficiently model the environment using natural features.
The proposed method is verified experimentally to perform
rapid scan registration with comparable accuracy to existing
methods. First, the SRG-NDT approach is applied to distribution to distribution NDT, and is experimentally shown to
produce accurate registration results in both urban and forested
environments. Second, a study of ground segmentation on
registration accuracy demonstrates that the ground points do
not contribute significantly to the scan registration and can be
safely discarded when sufficient natural features are present in
the environment. Finally, the run-time for SRG-NDT is shown
to be significantly faster (up to 95% speed-up) compared to
the existing scan registration methods. Future work involves
using the Gaussian clusters as features for initial alignment of
the scans, optimizing the implementation for full graph-slam
applications, and evaluating the algorithm in a larger set of
environments.
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