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Abstract This paper deals with the problem of detecting
objects that may switch between different motion models.
In order to accurately detect these moving objects taking
into account possible changing motion models, we propose
an adaptive multi-motion model in the joint detection and
tracking (JDT) framework. The proposed technique differs
from the existing JDT-based methods mainly in two ways.
First we express the solution in the JDT framework via
a formulation in the multiple motion model setting. Second, we introduce a new motion model prediction function
which exploits the correlation between the motion model
and object kinematic state. Experiments on both synthetic
and real videos demonstrate that the JDT method employing
the proposed adaptive multi-motion model can detect objects more accurately than the existing peer methods when
objects change their motion models.
Keywords Joint detection and tracking · Multi-motion
model · Object kinematic state

1 Introduction
In object detection and tracking, two main problems attract
researchers’ attention:
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(1) variable motion models of the moving objects, and
(2) varying number of moving objects.
In this work, we investigate both topics, i.e., we tackle the
problem of detecting varying number of objects undergoing
various motion models. These problems have been generally
posed in the literature as a hybrid state estimation problem,
that is, estimation of a partially observed stochastic process
with discrete- and continuous-valued states [1]. Among all
the hybrid state estimation schemes, the interacting multiple model (IMM) estimator [2, 3] is the most cost-effective
and has been widely adopted. IMM has the ability to estimate the state of a dynamic system with several behavior
modes which can “switch” from one to another [1]. Thus,
it can be used to model a variety of problems with multiple
behavior modes. In fact, IMM has been employed in some
work to tackle independently each one of the two previously
mentioned problems: variable motion models and a varying
number of objects.
Concerning the first problem, a discrete state variable indexing the motion models, along with a continuous state
variable consisting of kinematic components have been
employed by many IMM estimators to track objects that
change their motion models. For example, IMM is used
with Kalman filters for describing maneuvering target dynamics, such as IMM-EKF, IMM-UKF, etc. [4, 5]. Also, To
handle the problems with nonlinear dynamics and measurements, IMM is combined with particle filters (PF) in [6–8]
to track maneuvering targets. In these PF implementations,
one potential problem is that the number of particles corresponding to a specific mode is proportional to the mode
probability. If the mode probability is very low, only a very
small fraction of the particles resides in that mode and this
causes numerical problems [9]. For this reason, the authors
in [9] combined IMM with a regularized particle filter so
that a fixed number of particles are assigned to each mode.
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In addition to these traditional dynamical systems, IMM has
been also combined with Gaussian Process Dynamic Models (GPDM) [10]. This mainly aims to effectively handle
high dimensionality of the motion states. All these methods are intended to deal with the problem of variable motion
models. However, they do not take into account the second
problem—varying number of objects.
Regarding the second problem, detection of varying number of objects, many methods have been proposed based
on IMM estimators and employing a discrete variable indicating the number of present objects. Such methods are
commonly referred to by joint detection and tracking (JDT)
methods. This is mainly because the detection decision is
made by tracking the discrete object state corresponding to
the number of present objects. In other words, detection and
tracking of objects are performed together in a joint framework. Many methods have been proposed on various issues
of JDT since Ristic et al. introduced the basic JDT framework and its applications in their book [11]. Rutten et al.
proposed two different particle filters for JDT [12]. The first
one is an orthodox SIR filter augmenting the target state
space with an existence variable. However, the second is derived such that the probability of existence is calculated using the weights of the particles so that the target existence
does not need to be included explicitly as a part of the state
vector. JDT methods were then generalized from single object detection to multiple object detection in [13] and [14].
They have also been applied in many applications for detecting different types of object. For example, [15] jointly detected and tracked unresolved targets with monopulse radar.
Additionally, in [16] and [17], Czyz et al. applied a JDT
method to detect objects in color videos by using a color observation model. A scale-invariant feature transform (SIFT)based particle filter algorithm has been also presented for
joint detection and tracking of independently moving objects in stereo sequences observed by uncalibrated moving
cameras in [18]. Although all these methods deal with the
varying number of objects of interest, they assume the objects undergo a single motion model. Hence, they are not
suitable for problems where objects experience various motion model changes.
In this paper we propose a component, formulated in the
JDT framework, and which addresses the two previously
mentioned problems. The novelty of the proposed method
can be summarized in two levels. First, we use an IMM estimator formulated in the JDT framework which not only embeds multiple motion models, but also takes into account the
varying number of objects. Second, a novel motion model
prediction function is introduced. With this function, prediction of the current motion model is not based on the previous
model alone, but also on the object kinematic state. Recall
that in the existing IMM estimators, prediction of the interacting motion models follows the basic assumption of the

Markov chain. In other words, the current active model is
correlated only with the previous model, and the correlation
is described by a fixed model transition matrix. For example, in [9, 19, 20] the IMM estimator is employed to manage switching between different motion models and a fixed
transition matrix is used to determine the probability of transition from one motion model to another. In [10, 21, 22], the
IMM estimator is rather employed to manage switching between different gesture and expression states. A fixed transition matrix is also employed to define the probability of transition from one gesture/expression to another. Furthermore,
IMM is also used to estimate the varying number of objects
in [13–18]. In these methods, the probability of transition
from a given number of objects to another one is defined by a
fixed transition matrix. In all the methods mentioned above,
the prediction of the current interacting model is based only
on the previous model. However, in real applications, the
interacting model is generally strongly correlated to the object kinematic state. Taking this into account, we introduce
here a model prediction function where the current model
is correlated also to the previous object kinematic state. To
this end, any prior knowledge about model switching can
be exploited to achieve an accurate model prediction, and
eventually accurate object detection results. Notice that this
new motion model prediction function is general enough to
be adaptable to various interacting models. In this paper and
for sake of clarity, we limit ourselves to interacting motion
models.
The remainder of this paper is organized as follows. In
Sect. 2, the general IMM solution for joint detecting and
tracking of objects with a single motion model is first described, and then the new solution using adaptive multiple
motion models is introduced. The implementation of the
proposed solution with a particle filter is detailed in Sect. 3.
Section 4 includes the experimental results that illustrate the
performance of the proposed method, and finally a conclusion is drawn in Sect. 5.

2 Joint detection and tracking using adaptive multiple
motion models
In this section, we first introduce the existing IMM solution
for joint detecting and tracking of objects using a single motion model. Then, we describe how this formulation is generalized to support detection with multiple motion models.
2.1 Object detection with a single motion model
In the JDT framework, the IMM estimator tackles the object
detection problem by computing recursively the posterior
probability density function (pdf) p(Xt |Z t ). Z t includes all
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= p xt , Et = 1, Et−1 = 0Z t−1



+ p xt , Et = 1, Et−1 = 1Z t−1



= p xt , Et = 1, Et−1 = 0Z t−1




+ p xt , Et = 1, xt−1 , Et−1 = 1Z t−1 dxt−1 .

Fig. 1 The graphical model
showing the relationship
between the observations and
the object states

the observations up to time t, {Z1 , . . . , Zt }. Xt is the hybrid
object state defined as follows:
Xt = [xt Et ].

(1)

xt describes the objects’ kinematic state at time t such as
location and velocity. Et ∈ {0, 1, . . . , Me } is a discrete existence variable associated with a set of interacting models
indicating the number of objects present at time instant t.
Here, we set the maximum number Me to one for the simplicity of explanation, and for further details regarding extension to multiple objects please refer to [16]. In this way,
Et ∈ {0, 1} indicates whether the object is present at time t
or not, and the decision is reached by maximizing the conditional probability P (Et |Z t ), which is estimated as explained
in the following.
The probability of an object being present at the current frame is estimated by marginalizing the posterior pdf
p(xt , Et = 1|Z t ) over the kinematic state xt ,

 t
 



P Et = 1 Z = p xt , Et = 1Z t dxt .
(2)
p(xt , Et = 1|Z t ) is, in turn, expanded using the Bayes rule
and the fact that Zt is conditionally independent from Z t−1
given xt and Et (refer to the graphical model in Fig. 1),1
  p(Zt |xt , Et = 1)p(xt , Et = 1|Z t−1 )

.
p x t , E t = 1 Z t =
p(Zt |Z t−1 )
(3)
p(Zt |xt , Et = 1) is the object appearance model updating
the predicted hybrid state according to the current observation, and it can be defined according to the application.
p(xt , Et = 1|Z t−1 ) is the predicted hybrid state function estimated by marginalizing the mixed probability distribution
p(xt , Et = 1, Et−1 |Z t−1 ) over the previous existence variable Et−1 as follows:



p xt , Et = 1Z t−1
1 Note

that following the notation system in [2–4], we use the notation
P (capital p) for probability mass functions (pmf), i.e., when random
variables are discrete such as Et . However, the notation p (lower-case)
is rather used both for probability density functions (pdf) and also probabilities on mixed joint variables (discrete and continuous).

The first term in the right-hand side part of the above equality can be simplified as follows:



p xt , Et = 1, Et−1 = 0Z t−1

 
= p xt Et = 1, Et−1 = 0, Z t−1



× p Et = 1, Et−1 = 0Z t−1

 
= p xt Et = 1, Et−1 = 0, Z t−1


 


× p Et = 1Et−1 = 0, Z t−1 p Et−1 = 0Z t−1



= pb (xt )Pb P Et−1 = 0Z t−1 .
The integral term in the right-hand side part is simplified
by assuming that xt is conditionally independent from Z t−1
given (xt−1 , and Et−1 or Et ) and the fact that Et is conditionally independent from Z t−1 given (xt−1 and Et−1 ). This
gives



p xt , Et = 1, xt−1 , Et−1 = 1Z t−1

 
= p xt xt−1 , Et = 1, Et−1 = 1, Z t−1



× p xt−1 , Et = 1, Et−1 = 1Z t−1
= p(xt |xt−1 , Et = 1, Et−1 = 1)




× p(Et = 1|Et−1 = 1, xt−1 )p xt−1 , Et−1 = 1Z t−1 .

Given that the kinematic state xt correspond only to cases
where the object is present, and also for simplicity, we
use henceforth p(xt |xt−1 ) instead of p(xt |xt−1 , Et = 1,
Et−1 = 1). The previous two simplifications together give
rise to:



p xt , Et = 1Z t−1



= pb (xt )Pb P Et−1 = 0Z t−1

+ p(xt |xt−1 )(1 − Pd )



× p xt−1 , Et−1 = 1Z t−1 dxt−1 .

(4)

Intuitively, the above equation says that the object is either newborn in the current frame (when Et−1 = 0 while
Et = 1), or coming from the previous frame (when Et−1 = 1
and Et = 1). The transition between Et−1 and Et , given the
past observations, follows a Markov chain which is specified

Z. Wang et al.

by a transitional probability matrix (TPM) of this form

T=

1 − Pb
Pd


Pb
.
1 − Pd

(5)

Pb denotes the probability of object birth and Pd denotes the
probability of object death. p(xt |xt−1 ) in Eq. (4) is the transition function of the object kinematic state specified by the
object’s motion model. p(xt−1 , Et−1 = 1|Z t−1 ) is the previous posterior pdf and P (Et−1 = 0|Z t−1 ) is the previous
object absence probability. pb (xt ) is the initial object pdf
where subscript b stands for “birth”. If no prior knowledge
is available, it is assumed to be the uniform distribution.
Similarly, the probability of an object being absent at the
current frame is estimated according to
  p(Et = 0, Zt |Z t−1 )

,
P E t = 0 Z t =
p(Zt |Z t−1 )



p Et = 0, Zt Z t−1



= p(Zt |Et = 0)P Et = 0Z t−1


 
= p(Zt |Et = 0) P Et = 0, Et−1 = 0Z t−1



+ P Et = 0, Et−1 = 1Z t−1




= p(Zt |Et = 0) (1 − Pb )P Et−1 = 0Z t−1



+ Pd P Et−1 = 1Z t−1 .

(6)

(7)

Recall here the notation adopted for the probability mass
and density functions explained previously. p(Zt |Et = 0) is
the likelihood function when the object is absent, and it is
independent of the object state. This function is normally
defined to be a constant. Till this point, the probability of
an object being present (P (Et = 1|Z t )) or absent (P (Et =
0|Z t )) can be estimated following Eqs. (2) and (6), and an
object is detected if P (Et = 1|Z t ) is bigger than P (Et =
0|Z t ).
The JDT method described above assumes that the object
kinematic state transition function in Eq. (4), p(xt |xt−1 ), is
specified by a dynamic model xt = f (xt−1 , w(t − 1)). The
function f is assumed to be known and determined by a motion model, and w(t − 1) is the process noise. However, in
many problems, objects may undergo more than one motion
model. For example, an aircraft moving in a constant velocity may suddenly accelerate. In this case, using a motion
model which assumes there is constant velocity would be
totally inefficient. Indeed, during the acceleration phase the
constant velocity assumption would be violated and, thus,
the tracker would lose the aircraft. Therefore, to tackle this
problem, the above JDT method is extended with adaptive
multiple motion models in the following subsection.

Fig. 2 (a) The prediction strategies of the object kinematic state, xt , in
the existing JDT methods, and of the motion model, αt , in the existing
model prediction functions. (b) The prediction strategy of the object
kinematic state and the motion model in the proposed JDT method

2.2 Object detection with multiple motion models
To improve the above JDT method so that it can accurately
detect objects that undergo multiple motion models, two major modifications are introduced. In summary, the first modification combines two object state formulations: [xt , Et ],
which tackles the varying number of objects and [xt , αt ],
which tackles the varying object motion models. The combined object state [xt , αt , Et ] along with a new object kinematic state transition function p(xt |xt−1 , αt−1 ) allows taking into account multiple motion models in the JDT framework. Intuitively, the prediction of the object kinematic state
xt is dependent not only on the previous object kinematic
state xt−1 (as is generally assumed in the original transition
function p(xt |xt−1 )), but also the previous motion model
αt−1 (see an illustration in Fig. 2). In the second modification, we formulate the JDT with multiple motion models
in an adaptive way by employing a novel motion model prediction function P (αt |xt−1 , αt−1 ), which extends the original one P (αt |αt−1 ). Intuitively, the prediction of the object
motion model αt is dependent not only on the previous motion model αt−1 , but also on the previous object kinematic
state xt−1 . Each one of these two modifications is explained
in detail in the following.
2.2.1 Multiple motion model formulation
First, we formulate the JDT framework with multiple motion
models. As mentioned before, there is normally one interacting model set in each IMM estimator. This model set either
embeds multiple motion models whose purpose is tracking
of objects undergoing different types of motion during a single sequence, or it is rather used to detect varying number of
objects (mainly detect newly present objects in the scene).
However, when these two problems occur simultaneously,
i.e., when objects that may change their motion models need
to be detected, one model set is not enough. Therefore, as
the first modification, we formulate the IMM estimator in
JDT methods to contain an additional set of motion models
besides its original set of object presence models.
To this end, a discrete variable αt that allows the JDT
framework to switch between different motion models is
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added to the object state [xt Et ]. Hence, the original hybrid
object state is expanded to
Xt = [xt αt Et ],

(8)

where αt ∈ {1, . . . , Mm } and Mm is the number of possible
motion models. Thanks to the new variable αt , the filter can
switch between different motion models and selects the appropriate one which best fits the object’s actual model and,
thus, leads to better tracking. When this is set properly, the
object should be tracked accurately even when its motion
varies.
By taking into account this additional motion model variable, the original predicted hybrid state function in Eq. (4)
is rewritten as follows:



p xt , αt , Et = 1Z t−1



= p xt , αt , Et = 1, Et−1 = 0Z t−1



+ p xt , αt , Et = 1, Et−1 = 1Z t−1



= p xt , αt , Et = 1, Et−1 = 0Z t−1
 
+
p xt , αt , Et = 1, xt−1 , αt−1 ,
αt−1



Et−1 = 1Z t−1 dxt−1 .
Similar to the derivation of Eq. (4), the first term in the
right-hand side part of the above equality can be simplified
as follows:



p xt , αt , Et = 1, Et−1 = 0Z t−1

 
= p xt αt , Et = 1, Et−1 = 0, Z t−1



× p αt , Et = 1, Et−1 = 0Z t−1

 
= p xt αt , Et = 1, Et−1 = 0, Z t−1

 
× p αt Et = 1, Et−1 = 0, Z t−1



× p Et = 1, Et−1 = 0Z t−1

 
= p xt αt , Et = 1, Et−1 = 0, Z t−1

 
× p αt Et = 1, Et−1 = 0, Z t−1



 

× p Et = 1Et−1 = 0, Z t−1 p Et−1 = 0Z t−1



= pb (xt )Pb (αt )Pb P Et−1 = 0Z t−1 .
The integral and summation term in the right-hand side part
is simplified by the following assumptions. First, xt is assumed as conditionally independent from αt and Z t−1 given
(xt−1 , αt−1 and Et−1 or Et ). Second, αt is independent with
Z t−1 given (xt−1 , αt−1 and Et−1 or Et ). Third, the existence
variable follows first order Markov assumption, i.e., Et is

only dependent on the previous state Et−1 . This gives



p xt , αt , Et = 1, xt−1 , αt−1 , Et−1 = 1Z t−1

 
= p xt αt , Et = 1, xt−1 , αt−1 , Et−1 = 1, Z t−1



× p αt , Et = 1, xt−1 , αt−1 , Et−1 = 1Z t−1

 
= p xt αt , Et = 1, xt−1 , αt−1 , Et−1 = 1, Z t−1

 
× p αt Et = 1, xt−1 , αt−1 , Et−1 = 1, Z t−1



× p Et = 1, xt−1 , αt−1 , Et−1 = 1Z t−1

 
= p xt αt , Et = 1, xt−1 , αt−1 , Et−1 = 1, Z t−1

 
× p αt Et = 1, xt−1 , αt−1 , Et−1 = 1, Z t−1



× p Et = 1xt−1 , αt−1 , Et−1 = 1, Z t−1



× p xt−1 , αt−1 , Et−1 = 1Z t−1
= p(xt |xt−1 , αt−1 )P (αt |xt−1 , αt−1 )(1 − Pd )



× p xt−1 , αt−1 , Et−1 = 1Z t−1 .
Following Eq. (4), we use p(xt |xt−1 , αt−1 ) instead of
p(xt |xt−1 , αt−1 , Et = 1, Et−1 = 1). The previous two simplifications together give rise to



p xt , αt , Et = 1Z t−1

=
p(xt |xt−1 , αt−1 )P (αt |xt−1 , αt−1 )(1 − Pd )
αt−1




× p xt−1 , αt−1 , Et−1 = 1Z t−1 dxt−1



+ pb (xt )Pb (αt )Pb P Et−1 = 0Z t−1 .

(9)

As before, Pb (αt ) is the probability of the initial object
motion model where subscript b stands for “birth” and if
no prior knowledge is available, it may be assumed uniformly distributed. Different from the original predicted hybrid state function in Eq. (4), the object kinematic state transition function p(xt |xt−1 , αt−1 , Et = 1, Et−1 = 1) in Eq. (9)
is characterized by its αt−1 th motion model. Here αt−1 is
one of the object’s possible motion models, rather than a
unique pre-fixed motion model as in the original formulation.
2.2.2 Motion model prediction function
Once the formulation is expanded to bear with multiple motion models, we introduce a novel adaptive motion model
prediction function. In the existing approaches, the transition of the motion model variable αt is modeled by a Markov
chain as discussed in Sect. 1. In other words, the motion
model prediction function P (αt |xt−1 , αt−1 ) is assumed to
be dependent only on the previous model:
P (αt |xt−1 , αt−1 ) ≡ P (αt |αt−1 ),

(10)
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and the transitions are specified by an Mm × Mm transitional
probability matrix, Π = [πij ], where


(11)
πij = P (αt = j |αt−1 = i) i, j ∈ {1, . . . , Mm } .
In this paper, we rewrite the above prediction function
to take into account the object previous kinematic state in
addition to the previous motion model. In this way, prior
knowledge on when and/or where to commute to a certain
motion model can be exploited to predict the current model.
Applying the Bayes rule, and assuming xt−1 and αt−1 are
conditionally independent given αt for simplicity, the new
motion model prediction function is written as
P (αt |xt−1 , αt−1 ) =

p(xt−1 |αt )P (αt−1 , αt )
.
αt p(xt−1 |αt )P (αt−1 , αt )

(12)

Compared with the corresponding function in Eq. (10), the
new function embeds an additional correlation between object motion model and kinematic state. This function indicates the likelihood of switching to a certain model αt given
both the previous model αt−1 and kinematic state xt−1 . It
can be easily seen that when the second correlation is not
taken into account, Eq. (12) simply degenerates to the equality in Eq. (10). To determine this prediction function, two
terms in the right hand side of Eq. (12), P (αt−1 , αt ) and
p(xt−1 |αt ), need to be estimated following the next three
steps.
• Collecting Training Samples: A training set of M samples
needs to be collected from a sequence as follows:
  2 2

 1 1
1
2
, αt , xt−1 , αt−1
,...,
αt , xt−1 , αt−1

 M M
M
.
αt , xt−1 , αt−1
Each sample triplet contains the motion model at a certain
time step, the object kinematic state and motion model at
the previous time step.
• Learning P (αt−1 , αt ): The first term that needs to be determined is the joint probability of αt−1 and αt denoted
by P (αt−1 , αt ). It can be estimated as the relative frequency of the event (αt−1 , αt ) occurring in the training
set by the standard method for maximum-likelihood parameter learning [23].
P (αt−1 = i, αt = j )
=

s

s , α s ), (j, x s , i))
δ((αts , xt−1
t−1
t−1

M

(13)

where δ is the Kronecker delta function: δ(a, b) = 1, if
a = b, and zero otherwise.
• Learning p(xt−1 |αt ): The second term that needs to be
determined, p(xt−1 |αt ), is a probability density which
can be estimated by various parametric and nonparametric methods [23]. Parametric methods assume a certain

Fig. 3 Detecting large lumps in an oil sands video stream. (a) A view
of the scene where a large lump is present in the feed just before falling
in the crusher. (b) Region of interest which mainly comprises the dirt
that is to be processed. (c) Detection and localization of the large lump

model for the pdf to be estimated, and then fit the parameters of that family of models to the observed data
set. Examples of the parametric models include Gaussian, Poisson, and Beta distributions. The problem with
the parametric methods is that they often oversimplify the
underlying distribution complexity of the data from the
real world. In contrast to parametric methods, nonparametric methods allow the underlying distribution complexity to grow with the data. Therefore they are preferred
in estimating the probability density function p(xt−1 |αt ),
because the correlation conveyed by this distribution is
often complicated and varies with the applications. Popular nonparametric methods include histogram and kernel density estimation (KDE), and the latter is employed
in our work because it provides better performance than
the former [24]. Hence, an individual probability density
function p(xt−1 |αt = i) can be estimated for each model
s , α s )|α s = i,
from the training subset Y (i) = {(αts , xt−1
t
t−1
s = 1 : M}.
p(xt−1 |αt = i)
=

1
|Y (i)|





s
K xt−1 , xt−1
,

(14)

s ,α s )∈Y (i)
(αts ,xt−1
t−1

s ) is a kernel function, and the most
where K(xt−1 , xt−1
popular one is the Gaussian [23]. At this point, the adaptive motion model prediction function P (αt |xt−1 , αt−1 )
can be determined.

In the following, an example from a real application,
large lump detection, is used to illustrate the proposed motion model prediction function more clearly. In oil sands
mining industry, it is extremely important to detect the presence of large frozen lumps in the feed to a crusher, so that
precautionary operational procedures can be taken to minimize the risk of crusher jamming [25]. Figure 3 is an example of a large lump present in the feed just before falling in
the crusher. The purpose is to detect this event, in real time,
by locating the lump as shown in Fig. 3(c).
The object of interest in this problem, large lump, generally moves from top to bottom along a vertical line, and its
motions may be described roughly by two models: a slow
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Fig. 4 Three consecutive
frames from the LLD
application

Table 1 The joint probability P (αt−1 , αt ) in the large lump detection
example

Each sample triplet contains the lump’s motion model at
a certain time step, its location on the row axis, and its

motion model in the previous time step. In this example,
the only kinematic state correlated to the motion model is
the lump’s location on the row axis. Based on the training
set, the joint probability P (αt−1 , αt ) is estimated as illustrated in Table 1. Furthermore, the probability density function p(xt−1 |αt ) can also be estimated by the kernel density estimation method. Figure 5(a) shows the two individually estimated density functions p(xt−1 |αt = m1 ) and
p(xt−1 |αt = m2 ). Up to this point, the motion model prediction function P (αt |xt−1 , αt−1 ) can be completely determined. Figure 5(b) compares between this prediction function, taking into account the kinematic state, and the original
prediction function which uses only the transition probability between different motion models. As shown in the figure,
the new prediction function P (αt = m2 |xt−1 , αt−1 = m1 )
varies depending on the object kinematic state xt−1 (the
lump’s location on the row axis). On the contrary, the original prediction function P (αt = m2 |αt−1 = m1 ) does not embed such correlation information, and therefore, is a horizontal line corresponding to a constant transition probability.
In summary, the new JDT method takes advantage of two
kinds of prior motion knowledge which are the eventual motion models that the object may undergo, and the probabilities of models switchings. Thus, the proposed JDT method
should achieve better performances than the existing methods when dealing with objects with variable motions models.

Fig. 5 (a) The two estimated probability density functions of the lump
location on the row axis given the two potential motion models in
the large lump example. The dashed line corresponds to p(xt−1 |αt =
m1 ) and the solid line corresponds to p(xt−1 |αt = m2 ). (b) The

comparison between the proposed motion model prediction function
P (αt |xt−1 , αt−1 ) and the original prediction function P (αt |αt−1 ), using the probability of the transition between the previous motion model
m1 and the current motion model m2 as an example

P r(αt−1 , αt )

αt = m1

αt = m2

αt−1 = m1

0.94

0.03

αt−1 = m2

0

0.03

vertical acceleration model m1 due to the perspective distortion when a lump moves on the belt (as shown by the two
consecutive frames in Figs. 4(a) and 4(b)), and a fast vertical acceleration model m2 due to gravity when the lump
reaches the end of the belt and falls down (as shown by
the two consecutive frames in Figs. 4(b) and 4(c)). Therefore, an interacting model set containing two motion models
{m1 , m2 } is needed, and the possibility of switching to each
motion model is not the same everywhere in the image. For
example, it is much more probable that the lump switches to
the fast acceleration model m2 when it gets close to the end
of the belt than in any other location. Therefore, the kinematic state (the lump location on the row axis in this case)
is correlated to the motion model and this correlation, when
learned, helps in predicting the motion model accurately. To
achieve this, a training set is collected as described previously,
(m1 , 1, m1 ), (m1 , 10, m1 ), . . . , (m1 , 260, m2 ) .
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i , α i , E i , w i )}N , Z
Input: {(xt−1
t
t−1
t−1
t−1 i=1
Output: {(xti , αti , Eti , wti )}N
i=1

1.
2.
3.
4.
5.

i }N , generate {E i }N according to the TPM specified by Eq. (5).
Given {Et−1
t i=1
i=1
i }N and {E i }N , generate {(x i , α i , E i )}N from {(x i , α i , E i )}N according to Eq. (9).
Based on {Et−1
t i=1
t
t
t i=1
i=1
t−1 t−1
t−1 i=1
i , α i , E i )}N according to Eq. (15).
for
{(x
Given Zt , compute the weights {wti }N
t
t
t
i=1
i=1
i N
Normalize {wti }N
i=1 to {w̃t }i=1 .
N
i
i
i
Resample from {(xti , αti , Eti , w̃ti )}N
i=1 for N times to obtain a new set of particles {(xt , αt , Et , 1/N )}i=1 .

Fig. 6 The particle filter implementation of the proposed JDT method

calculated as
L(Zt |Xt ) =

Fig. 7 (a) Experimental scenario. The object is represented by a small
square with the texture shown in the right panel. (b) Object appearance
used in the experiment. Note that in this experiment an object is modeled by its intensity histogram in a rectangular region, although with
modification, other types of object model can be accommodated by the
algorithm

p(Zt |xt ,αt ,Et =1)
p(Zt |Et =0)

1

for Et = 1,
for Et = 0.

• The fourth step performs normalization.
• The fifth and last step is the standard resampling step,
which converts the set of weighted particles back to an
equivalent set of unweighed particles approximating the
current posterior pdf.
Once the posterior pdf p(xt , αt , Et |Z t ) is approximated by
the set of particles, the probability that the object exists is
estimated based on Eq. (2) as
N
  1 



P E t = 1 Z t = ·
δ Eti , 1 .
N

3 Particle filter implementation
The JDT method derived in the previous section is implemented with a particle filter described with a pseudocode depicted in Fig. 6. The posterior pdf at the previous time is approximated by a set of weighted particles
i , α i , E i , w i )}N , where w i
{(xt−1
t−1
t−1
t−1 i=1
t−1 is the ith particle weight at time t − 1. The proposed algorithm takes as
input the set of particles at the previous time instant and the
current observed image; and the output is the set of particles at the current time. In the following, we will explain the
algorithm in further detail.
• The first step predicts the current existence variable according to the previous existence variable and the TPM
specified by Eq. (5) (refer to the pseudo-code in Fig. 6).
• Given the predicted existence variable, the second step
predicts the object’s current state based on the previous
state and the predicted state function defined in Eq. (9).
• The third step weighs the particles representing the predicted state given the current observed image. To achieve
the detection mechanism conveniently, the likelihood ratio is used as the particle weight here rather than the measurement model p(Zt |Xt ). The likelihood ratio can be

(15)

(16)

i=1

4 Experimental results
In this section, we demonstrate the flexibility of the proposed JDT method for detecting objects with various sets
of interacting motion models: (1) constant velocity model
(vt = vt−1 up to an additional noise wt−1 ) and bouncing
model (vt = −vt−1 up to an additional noise wt−1 ), (2) acceleration model (vt = vt−1 + a up to an additional noise
wt−1 ) and bouncing model, (3) acceleration model and random walk model (Xt = Xt−1 + wt−1 ), and finally (4) acceleration models with different acceleration rates. vt is the
velocity, a is the acceleration rate, and Xt = (x, y)t represents the object location. In order to assess the effect of the
proposed technique, referred to by Adaptive MMMJDT, we
compare it against existing JDT techniques using a single
motion model assumption and referred to by SMMJDTs. To
this end, we consider experiments where prior knowledge
about the correlation between motion changes and the object kinematic state is available. All the appearance models
adopted in the following are based on color histogram as
in [16], except in the large lump detection example where
the appearance model is specifically proposed for this application in [26].
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Fig. 8 (a) The two estimated probability density functions of the synthetic object’s location on the column axis given the two potential motion models, the constant velocity model (m1 ) and the bouncing model
(m2 ). The dashed line corresponds to p(xt−1 |αt = m1 ) and the solid
line corresponds to p(xt−1 |αt = m2 ). (b) The comparison between

the proposed motion model prediction function P (αt |xt−1 , αt−1 ) and
the original prediction function P (αt |αt−1 ), using the probability of
the transition between the previous motion model m1 and the current
motion model m2 as an example

4.1 Constant velocity model with bouncing model
In the first experiment, we demonstrate examples of detecting objects with constant velocity model and bouncing
model. We first use a synthetic example to illustrate clearly
the problem of interest, and then give another example on a
ping-pong video.
The synthetic example creates a scenario where an object
moves back and forth as shown in Fig. 7(a). The object of interest is a square with the pattern shown in Fig. 7(b). The object of interest is generated as to move in a constant velocity
from one side to the other during 10 frames before it bounces
and to which a random noise is added. It is worth mentioning that this information is not provided to the algorithm,
i.e., the algorithm does not know when and where exactly
the object bounces. In this case, the object motion can be
described by a constant velocity model (m1 ) and a bouncing
model (m2 ). Our proposed method, Adaptive MMMJDT, integrates both the two motion models and exploits the prior
knowledge that the object is more likely to switch from its
constant velocity model to the bouncing model around the
left and right borders of the image. This prior knowledge is
learned from the training set as presented in Sect. 2.2, and
it is illustrated in Fig. 8(a) by the two individually estimated
density functions p(xt−1 |αt = m1 ) and p(xt−1 |αt = m2 ). In
this specific case, the kinematic state xt−1 is the object location on the column axis. By embedding this prior knowledge, the new motion model prediction function can predict
the current motion model adaptively based on the previous
motion model and kinematic state as explained in Fig. 8(b).
However, when such knowledge is ignored, the original prediction function predicts the current motion model based on
the previous one with a fixed transition probability. As a result, the detection performance of Adaptive MMMJDT is
much enhanced in comparison to two SMMJDTs as shown
in Fig. 9. SMMJDT1 employs a random walk model and
SMMJDT2 employs a constant velocity model. The results

Fig. 9 Existence probability curves of Adaptive MMMJDT, SMMJDT1 (random walk method) and SMMJDT2 (constant velocity
model method)

show that Adaptive MMMJDT can detect the object consistently with an existence probability above 0.5 as the embedded multiple motion models handle the object’s motion
changes adaptively. In contrast, SMMJDT1 and SMMJDT2
lose tracking when the object moves with a motion pattern
inconsistent with its assumed single motion model and, as a
result, their existence probabilities drop repeatedly every 10
frames, leading to incorrect detection decisions.
Furthermore, we also tested the previous three methods
on the same video but perturbed with a high level of noise.
Similarly, the results, in terms of existence probability, are
depicted in Fig. 10. In spite of the high level of noise in
this case, Adaptive MMMJDT is able to accumulate the evidence consistently even though the object changes its model,
and finally detect the object after strong enough evidence is
accumulated (after approximately 15 frames). On the contrary, the constant velocity model method, SMMJDT2, loses
its accumulated evidence every time the object changes its
model, and as a result is unable to detect the object. The
same behavior is noticed for the random walk method, SM-
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Fig. 10 Existence probability curves of Adaptive MMMJDT, SMMJDT1 (random walk method) and SMMJDT2 (constant velocity
model method) when significant noise exists in the video

Fig. 11 An example frame of the sequence ping pong

MJDT1, when significant noise exists, indicating that conservative prediction is unable to detect the object. Consistent
with the results in Fig. 9, we can see that the proposed JDT
method has the best performance dealing with the situations
where the object changes its motion model.
In the second example, we detect a ping-pong ball in a
sequence containing 200 frames. Figure 11 shows a sample
frame where the ball is highlighted by a big rectangle for
better visualization. In this case, the ping-pong ball’s motion can be described by three models: a constant velocity
model (m1 ), a vertical direction bouncing model (m2 ) and
a horizontal direction bouncing model (m3 ). The latter two
models are due to the ball hitting the table and the bats. This
sequence presents a difficulty that the object switches among
three motion models frequently. To tackle this difficulty, our
proposed method first embeds the three motion models into
the JDT framework. Then it exploits the correlation between
these models and object kinematic state when predicting the
current motion model. In this case, the object of interest is
more likely to switch to each one of the three motion models at some specific locations. For instance, the object here
is more likely to switch to the vertical bouncing model, m2 ,

at the table vicinity while it rather tends to switch to the
horizontal bouncing model, m3 , close to the ping-pong bats.
Therefore, it has been learned from the training sequence
and illustrated in Fig. 12 by the three individually estimated
density functions p(xt−1 |αt = m1 ), p(xt−1 |αt = m2 ) and
p(xt−1 |αt = m3 ). In this case, the object kinematic state
xt−1 is simply the ping-pong ball location. As shown in
Fig. 12, the kinematic state distributions corresponding to
the second and third motion models, p(xt−1 |αt = m2 ) and
p(xt−1 |αt = m3 ), peak at certain locations, while the distribution corresponding to the first constant velocity motion
model is not biased towards any specific location. Using
this correlation prior knowledge produces an adaptive prediction function P (αt |xt−1 , αt−1 ) with regard to the object
kinematic state as illustrated in Fig. 12(d). On the contrary,
the original motion model prediction function P (αt |αt−1 )
depends only on the previous motion model and remains a
constant regarding the previous object kinematic state. Figure 13 shows the detection results of Adaptive MMMJDT
and two SMMJDTs. The latter two methods employ a model
with constant velocity in both vertical and horizontal directions (indicated by SMMJDT1) and a model with constant
velocity in horizontal direction while constant acceleration
in vertical direction (indicated by SMMJDT2). From this
figure, it can be seen that with a single motion model, SMMJDT1 and SMMJDT2 cannot accumulate the detection evidence properly. In other words, the ball cannot be detected
consistently. However, by embedding multiple motion models in JDT adaptively, a better detection performance can be
achieved and this is illustrated by the higher estimated existence probability.
4.2 Constant acceleration model with bouncing model
In this experiment, we perform object detection with constant acceleration model and bouncing model. We consider
an example on a soccer sequence containing 130 frames
where a girl juggles a soccer ball with her feet. A sample
frame of this sequence is shown in Fig. 14. In this example, the soccer ball’s motion can be described roughly by
a constant acceleration model (m1 ) and a vertical direction
bouncing model (m2 ). Our proposed method embeds both
motion models and we also exploit the prior knowledge that
the faster the ball falls down the bigger probability it may
switch to the second motion model. This knowledge is illustrated in Fig. 15(a) by the two individually estimated density functions p(xt−1 |αt = m1 ) and p(xt−1 |αt = m2 ). In this
case, the object kinematic state xt−1 is the vertical velocity.2 By exploiting such correlation, the probability of predicting the current motion model depends henceforth on the
2 Note that kinematic stat employed here, the vertical velocity, is different from the previous examples. The formulation is general enough
and not limited to object locations.
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Fig. 12 (a) The estimated probability density function of the
ping-pong ball’s location given the constant velocity model,
p(xt−1 |αt = m1 ). It is not biased towards any specific location. (b) The
estimated probability density function of the ping-pong ball’s location
given the vertically bouncing model, p(xt−1 |αt = m2 ). It peaks at certain locations as illustrated. (c) The estimated probability density func-

tion of the ping-pong ball’s location given the horizontally bouncing
model, p(xt−1 |αt = m3 ). It peaks at certain locations as shown in the
figure. (d) The comparison between the proposed motion model prediction function P (αt |xt−1 , αt−1 ) and the original prediction function
P (αt |αt−1 ), using the probability of the transition between the previous motion model m1 and the current motion model m3 as an example

Fig. 13 Existence probability curves of Adaptive MMMJDT and
SMMJDTs (two single motion model JDT methods) detecting the
ping-pong ball in sequence ping pong

Fig. 14 An example frame of the sequence soccer

previous object kinematic state. Again, this is illustrated by
Fig. 15(b) via a comparison against the original prediction
function using a constant probability. Figure 16 shows the
performance comparison between SMMJDT and Adaptive

MMMJDT. From this figure, we can see that with a single
motion model, the existing JDT method fails to detect the
soccer ball every time the ball bounces. Therefore, it is obviously important to use multiple motion models adaptively
in JDT to detect objects that change motions.
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Fig. 15 The two estimated probability density functions of the soccer ball’s vertical velocity given the two potential motion models, p(xt−1 |αt = m1 ) (corresponding to the vertically acceleration
model) and p(xt−1 |αt = m2 ) (corresponding to the vertically bouncing
model). The dashed line corresponds to p(xt−1 |αt = m1 ) and the solid

line corresponds to p(xt−1 |αt = m2 ). (b) The comparison between the
proposed motion model prediction function P (αt |xt−1 , αt−1 ) and the
original prediction function P (αt |αt−1 ), using the probability of the
transition between the previous motion model m1 and the current motion model m2 as an example

Fig. 16 Existence probability curves of Adaptive MMMJDT and SMMJDT (constant acceleration model JDT method) detecting the soccer
ball in sequence soccer

Fig. 17 An example frame of the sequence slide

4.3 Constant acceleration model with random walk model
In the third experiment, we show an example of detecting
objects with constant acceleration model and random walk
model. We use a sequence slide which contains 28 frames
where a person slides down as shown in a sample frame in
Fig. 17. The person is highlighted by the yellow rectangle in
the figure for visualization reasons. In this case, the object
changes its motion from an acceleration model (m1 ) on the
slide to a random walk model (m2 ) off the slide. Our proposed JDT method first embeds both models in the framework so that it can switch the system model when the person actually changes its motion. Then, to predict the motion
model accurately, it exploits the prior knowledge that the
person moves more likely in a specific motion model around
certain locations. This prior knowledge can be learned following Eq. (12), and it is depicted in Fig. 18(a) by the two
individually estimated density functions p(xt−1 |αt = m1 )
and p(xt−1 |αt = m2 ). In this case, the object kinematic state

xt−1 employs the object location along the vertical axis.
Similarly to the previous experiments, Fig. 18(b) shows the
comparison between the new motion model prediction function P (αt |xt−1 , αt−1 ), which exploits the correlation information described above, and the original motion model prediction function P (αt |αt−1 ). Obviously, the former predicts
the motion model adaptively to the object state, while the
latter does not. Figure 19 demonstrates that embedding two
motion models adaptively in JDT provides a better detection
performance than using a single motion model. Three single
motion models are employed in this comparison, constant
velocity, constant acceleration, random walk. None of them
was able to describe the actual object motion models as accurately as Adaptive MMMJDT.
4.4 Multiple constant acceleration models
In this experiment, we show an example of detecting objects with multiple motion models in a real application,
large lump detection, which has been introduced in the previous Sect. 2.2.2. As discussed before, the objects in this
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Fig. 18 The two estimated probability density functions of the object’s
vertical location given the two potential motion models, p(xt−1 |αt =
m1 ) (corresponding to the random walk model) and p(xt−1 |αt = m2 )
(corresponding to the vertically acceleration model). The dashed line
corresponds to p(xt−1 |αt = m1 ) and the solid line corresponds to

Fig. 19 Existence probability curves of Adaptive MMMJDT and SMMJDTs (three single motion model JDT methods) detecting the person
in sequence slide

p(xt−1 |αt = m2 ). (b) The comparison between the proposed motion
model prediction function P (αt |xt−1 , αt−1 ) and the original prediction
function P (αt |αt−1 ), using the probability of the transition between
the previous motion model m1 and the current motion model m2 as an
example

8 (Fig. 20(d)) the lump moves much faster than before. Figure 21 shows the comparison of four methods on this example, Adaptive MMMJDT using two constant acceleration
models and three SMMJDTs with respectively a small constant acceleration model, a constant velocity model, and a
constant position model. The three SMMJDTs methods do
not match the actual lump motion model well especially
from frame 7 to frame 8 when the lump changes its acceleration rate and they obviously lose tracking as well as
the detection of the lump. Adaptive MMMJDT, in contrast,
continues accumulating the evidence and finally detects the
lump. Even from frame 7 to frame 8, it can still adjust itself
by switching the filter’s model to fit the actual lump motion
model.

5 Conclusion
problem, lumps, may be considered to have two motion
models, a small constant acceleration model on the conveyor and a large constant acceleration model off the conveyor. We utilize these two motion models adaptively in
our method (as previously described in Sect. 2.2.2) to detect
lumps and compare the results with classic JDT methods using only one motion model. Figure 20 shows a few consecutive frames where one lump moves down into the crusher.
Initially, it moves really slowly, for example from frame 1
(Fig. 20(a)) to frame 2 (Fig. 20(b)), and then gradually faster
until frame 7 (Fig. 20(c)). From frame 7 (Fig. 20(c)) to frame
Fig. 20 Sequence of a lump.
(a) Frame 1, (b) frame 2,
(c) frame 7, (d) frame 8

An adaptive multi-motion model JDT method is proposed
for detecting objects that may undergo sudden changes in
motion. The proposed method tackles simultaneously the
problem of detecting objects and handling objects’ sudden
changes in motion and formulates them in a probabilistic
framework. This is achieved by employing two sets of interacting models in an IMM estimator, one for handling a
varying number of objects and the other for handling variable motion models. The proposed method then exploits the
correlation between the motion model and object kinematic
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Fig. 21 Existence probability curves of Adaptive MMMJDT and SMMJDTs (three single motion model JDT methods) detecting the large
lump in Fig. 20

state, which is not exploited in the existing IMM estimators, to predict the motion model accurately. Experiments
on both synthetic and real examples illustrated that the proposed JDT method detects objects more accurately than the
existing JDT methods when objects change their motions.
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